Existence of isometric immersions into nilpotent Lie groups 

Jorge H. S. de Lira* and Marcos F. Melo ^ 



Abstract 

We establish necessary and sufficient conditions for existence of isometric immer- 
sions of a simply connected Riemannian manifold into a two-step nilpotent Lie group. 
This comprises the case of immersions into if -type groups. 
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1 Introduction 

The fundamental theorem of submanifold theory, usually referred to as Bonnet's theorem, 
states that the Gauss, Codazzi and Ricci equations constitute a set of integrability con- 
ditions for isometric immersions of a simply connected Riemannian manifold in Euclidean 
space with prescribed second fundamental form. From the viewpoint of exterior differential 
systems, this result is a classical application of Frobenius's theorem. At this respect, we 
refer the reader to [5], [TO] and [18] for instance. 

Versions of Bonnet's Theorem for immersions in Riemannian spaces were recently 
achieved by Benoit Daniel in [6] and [7] and by P. Piccione and V. Tausk in [16] and 
|17j . In [7], Daniel consider immersions in three dimensional homogeneous spaces with 
four dimensional isometry group as Heisenberg spaces and Berger spheres. These ambi- 
ents are regarded there as total spaces of Riemannian submersions over constant curvature 
surfaces, fibered by flow lines of a vertical Killing vector field ^. It is proved that the 
ambient curvature tensor expressed in terms of a frame adapted to the immersion may 
be completely determined by the first and second fundamental forms and by the normal 
component v and tangencial projection T of ^. Since Gauss and Codazzi equations involve 
these projections, it is necessary to consider two additional first order differential equations 
in V and T. The augmented set of equations is then a complete integrability condition. 

In [17], Piccione and Tausk prove a general existence result for affine immersions into 
affine manifolds endowed with a G-structure. The immersions should preserve the G- 
structure and the ambient spaces are required to be infinitesimally homogeneous. Roughly 
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speaking, this last condition assures that the ambient curvature is constant when com- 
puted in terms of frames belonging to a G-reduction of the frame bundle. This method 
encompasses all classical results as well as Daniel's results. Another applications of this 
technique in the context of Lie groups and Lorentzian Geometry may be found in [11], |12j . 
[13] and [l5]. 

The Heisenberg spaces studied in [7] are nilpotent Lie groups. Indeed, two-step nilpo- 
tent Lie groups form a distinguished class of geometric objects which include real, complex 
and quaternionic Heisenberg spaces and more generally H-type groups (see, e.g., pJ], [8], [T] 
and [2j). These groups have some remarkable analytical properties and appear in distinct 
areas as Harmonic Analysis (v. [4]) and General Relativity (v. |14j). 

These remarks motivate us to raise the question of extending Bonnet's theorem from 
the classical case, which corresponds to Abelian groups, to two-step nilpotent Lie groups. 
Theorem [1] below yields such an extension in the spirit of the results in [7] . 

A brief outline of this paper may be given as follows. Let be a (n + n') -dimensional 
two-step nilpotent Lie group, where n' is the dimension of the center 3 in its Lie algebra. 
As occurs in [7J, 3 is spanned by left-invariant n' Killing vector fields E^+k, k = 1, . . . ,n', 
whose covariant derivatives determine certain skew-symmetric tensors Jk, k = l,...,n'. 
The Section 2 is devoted to show that the curvature tensor in N may be computed in 
an arbitrary frame {ea}^i" solely in terms of the tensors Jk and the projections = 
{En+k-i^a)- The curvature form relative to the frame {ea}^t:i given by the tensor Q 
defined in Section 12.1.21 

In the particular case of a frame adapted to an isometric immersion, this implies that 
Gauss, Codazzi and Ricci equations are completely written only in terms of the first and 
second fundamental forms and the normal and tangential projections of the Killing vector 
fields -En+i) • • • ) En+n' and their covariant derivatives. This is the content of Section [3l 

In Sections H] and [Sj we establish sufficient conditions for immersing isometrically a 
simply connected Riemannian manifold M into A^, with prescribed second fundamental 
form. For this, we consider a real Riemannian vector bundle £ over M with rank m' = 
n + n! — m so that the Whitney sum S = TM © £ is a trivial bundle. We define an 
orthonormal global frame {£^a}a=" in § and then transplante the definitions of the tensors 
Jfc and Q to this setting. This may be done in last analysis because these tensors depend 
on the structural constants of A^. We then prove 

Theorem 1 a) Let he a Riemannian simply connected manifold and let 8. be a real 
Riemannian vector bundle with rank m' so that 8 = TM (B 8 is a trivial vector bundle. 
Let V and R be respectively the compatible connection and curvature tensor in S and V 
and the compatible connections induced in TM and £, respectively. We fix a global 
orthonormal frame {-Efc}^^" in S. Define Jk and Q as in ( f^. j[ j and i4-4\ )> respectively. 
Assume that these fields satisfy the Gauss, Codazzi and Ricci equations 

R = Q (1.1) 
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and the additional equations 

VEn+k = -l/2 Jk, k = l,...,n'. (1.2) 

Thus, there exists an isometric immersion f : M ^ N covered by a bundle isomorphism 
^ TMj-, where TMj- is the normal bundle along f so that is an isometry when 
restrited to the fibers and satisfies 

f^^\/^V = \/jch^V, X eT{TM), V eT{E.), (1.3) 
ftn{X,Y) = Vf,xf*Y - MVxY), X,Ye T{TM), (1.4) 

where V and V"*" denote, respectively, the connections in N and TMj- and the tensor 
II e T{T*M (g) T*M (g) £) is defined by 

VxY = VxY + IIiX,Y), X,Y eT{TM). (1.5) 

b) Let f,f be two isometric immersions from M to N with second fundamental forms II f 
and II J satisfying 

IIf{X,Y) = MIj{X,Y), X,Yer{TM), (1.6) 

and normal connections and V"*" on the respective normal bundles TMj- and TMj- 
related by 

^vj^v = vJf$(F), V G r(rM/), (1.7) 

where ^ : TMj- — > TMj- is a vector bundle isomorphism satisfying 

{^{V),^{W)) = {V, W), V,W e T{TMf). (1.8) 
Fixed a left-invariant frame in N we assume that 

{f,X,En+k) = {f*X,En+k), X^T{TM) (1.9) 

and that 

{V,En+k) = {HV),En+k), V G T{TMf). (1.10) 

for k = 1, . . . ,n' . 

Then, there exists an isometry L : N ^ N such that f = L o f . 

The ultimate reason for refer to (jl.ip as Gauss, Codazzi and Ricci equations is that the 
tensor Q imitates the curvature tensor in when written in terms of a frame adapted to 
an isometric immersion. We point out that imposing that S is trivial allows us to give an 
intrinsic meaning to the tensors Jk- Hypothesis (jl.ip and (jl.2p play here the same role as 
the construction of a flat bundle endowed with parallel sections in the proof of the classical 
case. 

Our method keeps some resemblance with the proof of Bonnet's theorem given by P. 
Ciarlet and F. Larsonneur in [3j. Indeed, Theorem [1] may be regarded as establishing 
sufficient conditions for immersing an open set of the Euclidean space into a two-step 
nilpotent Lie group. 



3 



2 Two-step nilpotent Lie groups 

Let be a Lie group with Lie algebra n and Maurer-Cartan form uJn- The Levi-Civita 
connection of a given left-invariant metric (•, •) on is 

2VeF = [E, F]-ad%-F- ad*p ■ E, (2.1) 

where E, F are left-invariant vector fields in n and 

{ad%-F,G) = {F,[E,G]), E,F,Gen. 

We suppose that n may be decomposed as n = 3 © with 

[t),0]C3, [3,n] = {0}, (2.2) 

what implies that is a two-step nilpotent Lie group. Let us denote by n and n' the 
dimensions of ti and 3, respectively. We suppose that the direct sum n = 3©t) is orthogonal. 
The relations p.2p then yield 

VeF = ^[E,F], E,FGt,, (2.3) 

VeZ = VzE = -^JzE, S G 0, Z e 3, (2.4) 
VzZ' = 0, Z,Z'e}, (2.5) 

where the operator Jz ■ V ^ V associated to a vector field G 3 is defined by Jz = ad*Z. 
This operator may be extended to the whole algebra n as 

Jz ■= -2VZ. (2.6) 

It is useful to consider also the (0, 2) tensor field equally denoted by Jz and defined by 
Jz{E,F) = {JzE,F). 

2.1 Some auxiliary tensors 

According to the decomposition n = D ©3, we choose an orthonormal left-invariant frame 
field 

El, . . . , En, En+l, ■ ■ ■ , En+n', (2.7) 

so that the first n vectors are in D and the next n' ones are in 3. Fixed this choice of frame, 
we define the structural constants of A^ by 

n+ra' 

[Ek, El] = ^liEr, l<k,l<n + n'. (2.8) 



4 



If {^'^j^l" denotes the co- frame dual to {Ek}^^i , then the corresponding connection 
forms in N are given by 

n+n' 

^f = oE^''^^ (2.9) 

^ r=l 

where 

'rir = <^rl + (^kr + (^kl- (2-10) 

We also define the curvature 2-form = {0f }^|"^ of associated to (|2.7|) by 



^ n+n' 

®'=4 E {rtr<t + rr'sr[,)9^A0'. (2.11) 



These forms satisfy the structural equations 



n+n' 

de^ + ^ 0f A 0' = 0, = -ei (2.12) 



and 



n+n' 

def+5]0,^A0[ = ef, (2.13) 

r=l 

where 1 < k,l < n + n' . 
2.1.1 Christoffel tensor 

Given the left-invariant frame above, we denote Jk = JE„+k^ 1 < k < n'. Fixed this 
notation, we define in the tensor field 



^ n 1 

L{X, Y, V) = -- Y^iJkV, X){Y, En+k) + 2 Y^^JkY. X) {V, E^+k) 

k=l k=l 

n' 

-^Y{JkY,V){X,En+k), X,Y,VeT{TN). (2.14) 

k=l 

In order to derive a local expression for L, we consider a frame {ea}a=i defined in an open 
set N' of N by 

n+n' 

ea=Y,EbAl (2.15) 

6=1 

for some map A : N' ^ SO„+„'. For 1 < a < n + n' and 1 < A; < n', we define the 
functions 

jjk ^ 0n+fc(ej = ^n+fc. (2.16) 
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Thus, if (cj")"j^" and {u>a)a~h=i respectively the dual forms and the connection forms 
associated to the frame {ea}a=i ! one has 



co'^iVEr.^,) = dU^ - U^Lol =: i ^ n^, coK (2.17) 

^ b 

Hence, one gets 



n+n' 

4= 5^ ^a6^"^^'- (2.18) 
a,b=l 

Notice that 

{JkV,W) = -2{VvE^^k,W) = -2Y,{V,Ei){W,Er){VE,E^+k,Er) 

l,r 

= Y.{V,Ei){W,Er)al:^\ (2.19) 

l,r 

In local terms, that is, setting V = ea,W = eh, one has 



u^, = ^ A^Alal+K (2.20) 

l,r=l 

Using the local frame, one computes 

^ n' 1 

L(X,ea,efe) = --'Y{Jkeh,X){ea,En+k) + ^'Y{Jkea,X){eb,En+k) 

k=l k=l 

1 

"2 "Y^iJkea, eb){X, En+k) 
k=l 
^ n+n' n' 

= -O E E i^aUi - UUc + U^<hh<^{X). 



c=l k=l 

One then defines the matrix of 1-forms A = (A^)"^"j^ by 

Xt = Li-,ea,eh), (2.21) 

that is, 

^ n+n' n' 

= -9 E E i^'uL - Utul + uSDuj^. (2.22) 



c=l fc=l 

We now use the equation (j2.20p for obtaining an alternative expression for A, which 
will be useful later. 



6 



Proposition 1 The 1-form A = (A^)"|"'-^ defined in h2.21\) satisfy 

A = A-^9A, 

where 9 = (6'f)^j'"j^. Thus, the connection form uj = is given by 

oj = A~^dA + A. 
Proof. Using (j2.ip and (|2.10p . one obtains 



<^rV ^ ^ l,f ^ IT- and k > n + 1, 
'Tlr — \ '^kl' ^ < k,l < n and r > n + 1, 



(^L, I < k,r < n and / > n + 1. 



Thus, (j2:22ll and (fCTjl yield 



^ n+n n 
c=l fc=l 

71+n' n' n ^ n+n' n' n 

u 



c=l fc=lZ,r=l c=l /=1 fc,r=l 

^ n+n' n' n 

+^ E E E ^^4^cvr-^ 



c=l r=l A:,/=l 

what imphes that 

^ n+n' ^ n+n' n+n' 

A^ = - ^ A^AlAlrtu;'^ = - ^ = E 

c,k,l,r=l k,l,r=l k,l=l 

n+n' 

k,l=l 

= iA-'OA)t 
This finishes the proof of the proposition. 

2.1.2 A curvature-type tensor 

We then define a (0, 4) covariant tensor Q in by 

Q{X, Y, V, W) = Qi(X, Y, V, W) + Q^iX, Y, V, W), 
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where X, Y, V and W are vector fields in and Qi and Q2 are given by 
Qi{X,Y,V,W) 

= ^ ( JfcX, W) {JkV, Y) + ^ {JkY, X) {,hW, V)--^ {JkY, W) {JkV, X) 



]^Y.^W,En+k){{y xJk)V,Y) + ^ Y.^V,En+k){{yxJk)W,Y) 

k k 

]^Y,0^^^n+k){{yxJk)W,V) + ^^(T^,i?„+fe)((Vy4)y,X) 
k k 

\Y.{V,En+k){{^YJk)W,X) - i^(X,i?„+fc)((VyJfc)M^,y) 



fe A: 



and 



= -\ ^{En+k, W){Er,+i, V){JkY, JiX) + \ Y.^En+k, W){E.^+i,X){JkY, W) 



k,l kl 



-\Y.^En+k.Y){E,^+uV){JkW,JiX) + -^Y.^En+k.Y){E:^+uX){,hW,JiV) 

k,l k,l 

+ \j2^Er,+k,W){Er,+l,V){JkX,JiY) -^J2(^n+k,W){En+i,Y){JkX,JiV) 
k,l k,l 

+ \Y.^En+k,X){En+l,V){JkW,JiY) -jY.{En+k,X){En+l,Y){JkW,JiV). 



An important relation between A and Q is given by the following lemma 
Lemma 1 The components of Q are given by the 2- forms 

Qt ■■= Qi - , ■ ,eb,ea) = {dX + X Au + uj A X - X A X)t. (2.26) 
Proof. Denoting the right hand side in (j2.26p by and expanding it, it results that 

c k b b b 

b b 

- Udidut - E ''ab^c - E ""bA^ 
b b 

-C/,'=(dnL-E^W-E^''i'^') 

b b 

+ U', E <c>^d - E ^'>^d<c - E ^ (2.27) 



The covariant derivative of the (0, 2) tensor Jk has components given in terms of the frame 
{ea}:+r' by 

VJk{ea, e,) = dul, - u\u,i - n\^ujt =: Vu'^,. (2.28) 
Using (12171) and HO^ . one gets 

k,c,c' 

+ ^ (C/,^Vnl - U^Vul - U^Vul) A 

k,c 



The last three terms may be calculated using that for 1 < k < n', I < a < n + n', one has 

dU^ - E Uc^a + E ^cK = 0. (2.29) 

c c 

For proving ()2.29p . using (j2.14p . one computes 

c c 

= — 2 E (^'^'^«' ')i^n+k-, En+l) — {JlEn+k, ■){ea,En+l) 
I 

= —^{{Jkea,-)- ^^{JlEn+k, ■){ea, En+l) — ^^{JlEn+k, ^a){-, En+l)) ■ 
I I 

However, given any vector field V in N, one has 

{JiEn+k,V) = Y,{En+k,Er){V,Es)a^f = E(^'^^)<S,. = 0- 

r,s s 

Therefore, one concludes that 

E = -\{Jkea, •) = E = - E 

c be 
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as desired. This proves ()2.29p . Thus, we may write 



k,c 



fc,c 



Nevertheless, in view of (|2.14p . it follows that 

UaY.'^bc^d + Uc^utXd = Y{{En+k,ea){Jkeb,ec) + {En+k,ec){Jkeb,ea))L{-,eb,ed) 

b b b 

= 2 y^,{En+k, ea){En+l,ed){Jkec, Jv) — ^ ^(-^n+fc; Ga){En+l, ■){Jkec, Jl^d) 
I I 

+ 2 y^(-^n+fc; ec){En+i, ed){Jkea, Jv) — - y^^{En+k, ec){En^i, ■){Jkea, JlGd)- 
I 



Therefore, one concludes that 

k,c,c' 
k,c,c' 

— E i^{En+k,ea){En+l,ed){Jkec, JlGc') — ^{En+k,ea){E 

n+l 5 Cc' 

k,l,c,c' 

+^{En+k, e.c){En+h ed){Jkea, Ji^d) — ^(-E„+fc, ec){En+i, ec'){Jkea, Jied))^"^ A u)^, 

what finishes the proof of the lemma. □ 

This lemma has the following consequence, which characterizes geometrically the tensor 
Q. 

Proposition 2 The tensor Q satisfies the equation 

Q = A-^QA (2.30) 
where Q = (0f )^'J""-^ are the curvature forms defined in h2.11\) . 
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Proof. One has 



doj + UJ AuJ 

= d{A-^dA) + A-'^dA A A'^dA + dX + \AX + XA A^'^dA + A'^dA A A 
= -A-^dA A A-^dA + A~^dA A A-^dA + d{A-^eA) + A'^O A M 

+A-''0 AdA + A-^dAA-^ A OA 
= dA-^ A9A + A-^dOA - A-^e AdA + A'^O A OA 

+A-^e AdA- dA-^ A OA 

= A-^{de + e Ae)A = A-^@A. (2.31) 

On the other hand we have 

d{uj - A) + (w - A) A (w - A) = -A-^dA A A-^dA + A'^dA A A'^dA = 0, (2.32) 
what imphes that 

(ia; + wAa; = (iA-AAA + tjAA + AAa;. (2.33) 
Hence (|2.3ip and ()2.33|) give the desired result. □ 

3 Isometric immersions into two-step nilpotent Lie groups 

From now on, we consider a simply connected Riemannian manifold M*". We denote 
m! = n + n' — m. 

From the calculations above, we infer the following necessary conditions for the existence 
of isometric immersions in with prescribed second fundamental form. In the statement, 
R denotes the curvature tensor in A^. 

Proposition 3 Let f : M ^ N be an isometric immersion. Then, the Gauss, Ricci and 
Codazzi equations are given by 

R{f,X, f,Y, V, W) = QihX, f,Y, V, W), X,Y e T{TM), V,W e r(/*TiV). (3.1) 

Moreover, the following additional equations are satisfied 

^xEn+k = -\jkX, X€ T{TM) (3.2) 

for k = 1, . . . ,n' . 

Proof. After identifying M and the immersed submanifold f{M) C iV, we consider an 
orthonormal frame {ca})^™ defined in an ambient open neighborhood of an arbitrary 
point in M. This frame may be chosen adapted to the immersion, that is, in such a way 
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that, along points in M, the first m fields in this frame are tangent to M and the other m' 
ones are local sections of the normal bundle TMj-. 

Let A be given as above by (j2.15|) . Then, the connection forms satisfy 

dco-, +Y,<^ < = (3.3) 

c 

where is given by (|2.1ip . Since the right-hand side in p.3p corresponds to the ambi- 
ent curvature tensor expressed in terms of the adapted frame, this equation corresponds 
to Gauss, Codazzi and Ricci equations, respectively, as we may easily verify considering 
suitable ranges of indices a, 6. Hence, (|2.30p in Proposition [2] implies (jS.ip . 

The equation (j3.2p follows immediately from the preceding discussion. □ 



4 Existence of an adapted frame 

We now consider a real Riemannian vector bundle £ over M with rank m' and the Whitney 
sum bundle S = TM © £. The metric in S is also represented by (•, •). Let V and R be 
respectively the compatible connection and curvature tensor in 8. 

We suppose that 8 is a trivial vector bundle and then we fix a globally defined orthonor- 
mal frame Ei, . . . , En+n' in §• Hence, for any k = 1, . . . ,n' , one defines 

n 

{JkV, W)=Y, Ei){W, Er)al+\ V,W(^ r(S), (4.1) 

l,r=l 

where the constants cr'^^^ are given by ()2.8|) . It is obvious from the definition that 

(Jfcy,^„+z) = (4.2) 

since <+^; = 0. 

Now, we define in terms of tensors L and Q in 8 by 

^ n' 1 

L{X,Y,V) = --Y,{JkV,X){Y,En+k) + -Y,{JkY,X){V,En+k) 

k=l k=l 
n' 

lY,{JkY,V){X,K+k), X,Y,VeT{§) (4.3) 



2 

k=l 



and for X,Y e r{TM) and V,W e r(S), 

Q{X, Y, V, W) = Qi{X, Y, V, W) + Q2{X, Y, V, W), (4.4) 
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where 



= ^{JkX,W){JkV,Y) + ^{JkY,X){JkW,V) - ^{JkY,W){JkV,X) 



-i Y.{w, 4+fe)((Vx4)F, y) + ^ ^(y, {{VxJk)w, Y) 

k k 

+l^(y,4+fc)((Vx4)w^,v) + '^Y.^w,En+k){{^YJk)v,x) 

k k 

-\Y,{V,En+k){{^YJk)W,X) -\Y,{X,Er.+k){{yYJk)W,V) 



k k 



and 



Q2{X,Y,V,W) 

= --Y,{Er,+k,W){En+uV){JkY,JiX) + -Y,{En+k,W){En+i,X){JkY,JiV) 



-\Y.^En+k,Y){En+uV){JkWjiX) + -^Y.^En+k,Y){En+i,X){JkWjlV) 

+ \j2(^n+k,W){En+l,V){JkX,JiY) -\j2i^n+k,W){En+l,Y){JkX,JiV) 



+\Y.^En+k^X){En+l,V){JkWjiY) -^Y.'^En+k,X){En+i,Y){JkWjiV). 

k^l k^l 

We then suppose that 

{R{X,Y)V,W) = Q{X,Y,V,W), X,Y e T(TM), V,W e r(§). (4.5) 
We also assume the following condition 

VxK+k = -ljkX, XeT{TM), k = l,...,n'. (4.6) 

The connection in S induces connections V in M and in £. More precisely, defining 

II G T{T*M O T*M (g) £) by 

VxY = VxY + II{X, Y), X,Y e r(TM) (4.7) 
and defining, for V G r(£), 

{Sv{X),Y) = {II{X,Y),V), (4.8) 
13 



one obtains 

tlxV = -SyX + V|y. (4.9) 

In terms of the decomposition En+k = + N^, Tk G T{TM), G r(£), the condition 
(j4.6p becomes 

Vxn - Sk{X) + ViiVfc + II{n,X) = -^kiX), X e T{TM), (4.10) 
where Sk = Sn,, ■ 

Definition 1 Given a connected simply connected open subset M' C M , we fix a map 
U e C°°(M',M"'("+"')). A frame e : M' ^ 3"(S) with components 

Cl , • • • Cm) ) • • • Cm+m' 

is admissible if the first m sections are vector fields in M' and the last m' ones are sections 
in £ and, moreover, if it holds that 

{K+k,ea) = lfa, l<k<n'. (4.11) 
In particular, this implies that 

{n,ei) = {En+k,e,) = Ut (4.12) 

for i = 1, . . . ,m and 

{Nk,ea) = {En+k,ea) = Ua (4.13) 
for a = m -\- 1, . . . , m + m' . The transition map from the frame {Ek}^^^ to an admissible 
frame {ea}^={^ is given by an admissible map, that is, if 

n+n' 



k=l 



then A is if the form 



* 



AM = I ^^^j J . (4.15) 



where the block U (x) corresponds to the last n' lines. 
We denote by 



a;\...,cj™,u;"^+\...,w™+"^' (4.16) 



14 



the real- valued 1-forms dual to the frame {ca}^^™ . The Riemannian connection V is given 

in terms of this frame by the matrix uj = Hence, the first structural equation is 
written as 

+ j;..,"A^^ = 0, u:t = -u:l (4.17) 

b 

Regarding each as (0, 2) tensor, we write them locally as 

Jk = ^vflb^'' k = l,...,n'. (4.18) 

a,b 



Thus in local terms the equation (14. 6p is rewritten as 

k b k 

The local expression for L is given by the 1-forms 

\t = L{-,ea,eb). (4.20) 
Following the calculations in Section 12.1.11 we conclude that 

^ n+n' n' 

= "2 E E i^aul - UtuL + U'Aa)^'- (4.21) 

c=l k=l 

The local expression for Q is given by the 2-forms 

QS = Q(-,-,ed,e„). (4.22) 
One notices that the hypothesis ()4.5p is rephrased in terms of these forms as 

du^t + Y,^t^uJl = Ql (4.23) 

c 

We may verify proceeding as in the proof of the Lemma [1] and using (j4.2p that 

:= Q( •, , • , erf, Ca) = (dA + A A + w A A - A A A) (4.24) 

Combining equations (j4.23p and ()4.24p . one deduces that to := lo — X satisfies the zero 
curvature equation 

duj +UJ Au} = 0. (4.25) 
A suitable version of (j2.29p allows us to claim that 

dU^ - E ^'^a + E = 0. (4.26) 

b b 

We then prove the following result. 
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Proposition 4 Assume that and ^4-(^ hold. Let M' <Z M he a connected simply 

connected open subset. Then there exists an admissible map A G C°°(M', SO„+„') so that 

A~^dA = uj-X (4.27) 

with initial condition A(xo) = Id, for a given xq E M' . 

Proof. We want to assure the existence of an admissible map so that 

A'^dA = Cb, (4.28) 

where lo = uj — X. 

If we denote by // : M„_(_„/]R M."' ) the projection on the last n' lines, the condition 
(|4.14|) means that fj,{A(x)) = U{x). The set of admissible maps define a submanifold of 
M X SO„+„', namely 

U={(x,^):^=( ,*^j)}, (4.29) 

whose tangent space at a point (x, A) is 

r,..„U={(..B):B=(^.^-| J}. (4.30) 

Let id G {SOn+n' , sOn+n') be the Maurer-Cartan form in SOn+n'- Thus, the equation 
(I4.28P is written as 

Cd = A*u;. (4.31) 
For solving this equation, we define a 1-form T in M' x SO„+„/ with values on sOn^n' by 

T = ^^(i - TT2Cd, (4.32) 

where vri : M x S0„+„/ — >■ M and 7r2 : M x S0„+„/ SOn+n' are the natural projections. 
We then define the distribution D = ker T on IX. More precisely 

{v,B) e D{x,A) if and only if w^(v) = a)^(B) (4.33) 

In order to prove that (j4.33p defines a distribution we must verify that ker T has con- 
stant rank. We begin by proving that the differential of tti restricted to '^{x,A) is a 
monomorphism. In fact, if 7ri,(u,B) = for some (w,B) G ^{x,A) then t; = 0. Since 
= Lbx{v) = (Da(B), it follows that B = 0. Therefore, 

dimker T(-j, < m. 

Now, given {v, B) G T(3,^^)'U we have 

fi{AT^^^A){v,B)) = fi{Au;x{v) - Au;a{B)) = fi{Au;x{v) - AA-^ ■ B) 
= n{A)i:;x{v) - n{B) = C/lj^(w) - dUxiv) = 
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where in the last equahty we used equation (j4.26p . We then had verified that 

ImT(^,A) C {S G 50n+n> ■ K^'^) = 0} 

Thus, if 23 € lmT(^^ ji-j then "B = (D^(B) for some B tangent to A such that /u(B) = 0. This 
means that 

ImT(^_^) C a)A(ker/UA) 

where kei ha = {B € T^SO„_(.„/ : /i(B) = 0}. Since lja is an isomorphism, it follows that 
Co A ( ker fiA) and ker fiA have same dimension. Thus, 

dimker T(-^.^^) > m. 

Hence, ©(x.A) is m dimensional, for all x G M',A £ 11. 

Now we verify the integrability of T). The zero curvature equation (j4.25p implies that 

dT = du^ — dO = uAu)— OAO={u) + T)A{u} + T)— loAlD 
= wAT + TAu). 

Thus if one calculates dT at some vector (f,B) S '^(x,A) obtains T(?;,B) = and 
then (iT(u,B) = too. So the ideal kerT is differential and then the distribution T) is 
integrable. 

Since vr is a local diffeomorphism between the simply connected domain M' and the 
integral leaf of D passing through (xo,Id), a standard monodromy reasoning implies that 
this leaf as the graph x i-^ A{x) of a certain map A £ C°°{M' , SOn+n') which by definition 
satisfies (liTljl and KWLh . □ 

Given an admissible map A : M' — > SO„+„' solving (I4.27|) . one defines a frame {ea}^i™ 
in S along M' by (j4.14p . The corresponding sets of dual 1-forms are related by 

m+m' 

ak _ 



a=l 



It stems from (j4.ip that the local expression for in the frame is 

l,r l,r 

We then define 

= ^ E ^ir^'' = ^ E E (4.35) 
r a r 

In view of these facts, we are able to restate Proposition [1] in the current context. 
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Proposition 5 The admissible frame obtained above as solution of the equation ( f^.^Tp 
satisfies 

A = A~^eA, (4.36) 

where 9 = {0f)l+2[ is defined in 

Proof. It suffices to mimic the proof of Proposition [1] in Section I2.1.1[ □ 
We finally define the following 2-forms 

0f = ^ E i^ir<t + rr'sr[,)r ^e' = 1^.11 i^ir<t + T^^t) KAIu;^ a u". (4.37) 

s,t a,b s,t 

Then we are able to prove the following result. 

Proposition 6 The admissible frame defined above as solution of the equation jx^.^Tp sat- 
isfies 

Q = A-^GA, (4.38) 
where 6 = is defined in ^^37^. 

Proof From (fOTj) and (|i36|) it follows that 

dX = dA-^ AeA + A-^dOA- A~^d AdA 

= -A-^dA A A-^dA + A-^d§A - A-^OA A A'^dA 

= -{uj -\) AX + A~^deA-\A{LO -\) 

= 2\ A\- uj AX- \ Auj + A^^dOA. 

Therefore, in view of (j4.24p . we conclude that 

Q = dX - X AX + oj AX + X A uj = X AX + A'^dOA 
= A-^OAAA-^OA + A-^dOA 

= A-^{de + e Ae)A. (4.39) 

However, it follows from and (|071) that 

4' = ^EE^'rMAa;'^ + A;da;'^) = ^j;5^r,^,(dA^Au;^-^>,^Au;^) 

a r a,b r 



a,b r 

-lY.T.^'r{AX)l A 



J. 
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However = AA ^9 A = OA. Hence, one gets 



b r b r,! 



4 

r,s,t 



On the other hand, one has 



4 

r,s,t 



Therefore, one concludes that 

de + ehe = e. (4.4o) 

Gathering (j4.39p and ()4.40p we finish the proof. □ 



5 Proof of the Theorem 

Part a. In view of the hypothesis in Theorem [H Proposition S] implies that there exists 
an admissible map A: M ^ SO„_|_„/ which solves (j4.27p and satisfies ()4.36p and (j4.38p for 
{d'^Tkti and {^f defined in (f05]l and (|07p . respectively. 

We fix in n = M""*"**' the orthonormal frame {eu = ^n{Ek)}^t,i ■ We then define the 
following 1-form on M x with values on n 

n+n' m+m' 
k=l a=l 

where tttv : M x N ^ N and ttm : M x N ^ M are the canonical projections. We then 
consider the distribution T = kerH on M x N. Thus, using ()4.17p and ()4.27p . we calculate 
(omitting projections) 

dU = diOn - X] efe dA'^ A - ^ dw" 

a,k a,k 

= [W„, Wn] -Y^ek (Aw)^ AU^ + YI ^kA^a ^ 

a,k a,c,k 

= [n + E ^kO", n + ^ eiO'] -Y,ek {ACot + Y1 ^^A^ u;," A 

k I a,k a,c,k 
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Hence, one has 

k I k,l 

a,fc a,k a,c,k 

Thus considering equahty modulo 11 it follows that 

k,l a,c,k a,c,k a,c,k 

= -^2^^''A^'[e-fc,ei] + ^e-fc>l,^A^A^^ 

k,l a,c,k 

However using (I4.36P one obtains 

dn = -i^e-.a^,^'^A0V^5]e-,^^Ag(^-i)XAu;'^ 

k,l,r a,b,c k,l 

k,l r k,l k,l r 

Therefore T is involutive since by (I4.35P one has 

Gi=\Y.^riO' + lY.^'t0'^ (5.1) 

r r 

where fif^ = a\^^ + fj^^ satisfies ji^^ = //^^. This symmetry implies that 

E (^"' - \ E -w^O ^ = ^ E ^'ir^' = 0' 

I r l^r 

what gives the integrability condition 

dn = mod n. 

We may verify that an integral leaf through the identity yo in is a graph over M. The 
function that graphics this leaf is an isometric immersion f : M ^ N with initial condition, 
say, f{xo) = uo, for a given point xq G M. 

Indeed, given a tangent vector {v, w) € 'P(x,y) with y = /(x), we have • v = w and 

n+n' m+m' 

^nM -EE ^kA'^i^P^i^) = 
k=l a=l 
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what yields after left translating both sides by y 

n+n' m+m' 
fc=l a=l 

Since A[x) is an orthogonal matrix, we conclude that / is an isometric immersion and that 

n+n' 
k=l 

defines an adapted frame along / with corresponding dual co-frame {w^jj^™ . Thus, it 
follows from (|4.17p that {w^J^}^^' are the connection forms. Thus, (|4.27p and (|4.36p imply 
that {0f}^'\2i ^I's the connection forms in N along / with respect to the left-invariant frame 
{Ek}l±i . The equation (MI) assures that ^^e the corresponding curvature 

forms along /. Finally, (|4.37p guarantees that Q is the curvature form in at points of 
/(M) associated to the adapted frame {ea}^J!j^™' . 

The choice of the initial condition /(xq) = yo is not a serious restriction, since an 
isometric immersion with initial condition y ^ N is obtained merely composing / and the 
left translation by yyQ^- 

Part h. From (jl.9p and (jl.lOp it follows that that there exist local orthonormal frames 
{ca}^^^ and {ea}^^{^ respectively adapted to / and / such that the orthogonal matrices 

A^, = {ea,Ek), Al = {ea,Ek) (5.2) 

satisfy 

fi{A) = fi{A). (5.3) 

Moreover, (jl.6p and (|1.7p imply that the connection forms to and lv for adapted frames 
along / and / satisfy at corresponding points lj = uo. 

Finally, (|5.3p . (|2.22p and (|2.17p imply that the Christoffel tensors A and A associated 
to these adapted frames are equal at corresponding points. We then conclude that A and 
A both satisfy the equation 

A~^dA = uj-X (5.4) 

Now, left translation by f {xq) f {xq)~^ followed by a suitable rotation in Tff^^^^N , if neces- 
sary, assure that we may suppose that A{xq) = A{xo). Hence, the uniqueness of Darboux 
primitives in a simply connected domain implies that A = A. 
Thus, we have 

f^ml f{x){f*ea) = YekA^ (5.5) 

k 
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and 

'^m|/(^)(/*ea) = ^ekAl. (5.6) 

k 

Therefore, / and / describe integral leaves of the distribution J" we defined above passing 
through the point /(xq) € N . The uniqueness part of Frobenius's theorem implies that 
/ = /. 

This finishes the proof of Theorem [TJ 
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